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We consider the problem of approximating a given f from L,[0, «0) by means
of the family V,(S) of exponential sums; V,(S) denotes the set of all possible
solutions of all possible ath order linear homogeneous differential equations
with constant coefficients for which the roots of the corresponding characteristic
polynomials all lie in the set S. We establish the existence of best approxima-
tions, show that the distance from a given f'to V,(S) decreases to zero as n becomes
infinite, and characterize such best approximations with a first-order necessary
condition. In so doing we extend previously known results that apply in L,[0, 1].

1. INTRODUCTION

Givenb = (b, ,..., by)and ¢ = (¢, ,..., ¢,,) from C (or from R" if we choose
to work with real valued functions), we define Y (b, ¢, #) to be the solution
of the initial value problem

[D" 4 e, D" + = + cpyD + ] ¥(t) =0, t=0 1)
Di-1y(0) = b;, j=L2..,n, 2)

where D = d/dt is the differential operator. A function y that satisfies (1)
but does not satisfy any such equation of lower order will be called an
exponential sum with order n. We let P,lc, A] denote the characteristic
polynomial of the differential operator of (1) and let

A,lc] = A e C: P,le, A] = 0} )

denote the corresponding spectral set. Given a set SC C, we form the
collection V,(S) of all possible exponential sums Y, (b, ¢, —) with order at
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most n for which 4,[¢]C S, n = 1, 2,..., with Vy(S) defined to be the set
whose only element is the zero function and with

VAS) = O V(S)

defined to be the collection of all possible exponential sums having spectra
contained in S.

We define the space L,[0, o) with the associated norm || ||, , in the usual
manner for | < p < o and let Cy[0, co) denote the space of continuous
functions that vanish at oo with the uniform norm | ||, . From the usual
representation theorem for the solutions of (1) (e.g., as given in [3, p. 80])
we see that V., (S) is a proper subset of each of the spaces Cy[0, c0) and
L,[0, ), 1 < p < 0, if and only if § is a subset of the open left half plane

Ly={zeC:Rez <0} 4)

so that L, forms a natural universal spectral set for these spaces. In addition
to V.(L,), the space L,[0, cv) also contains those exponential sums y from
V(L) (where L, is the closure of L;) that satisfy some equation of the form
(1) having a characteristic polynomial with no repeated roots along the
imaginary axis Ly\L, .

Our problem may now be stated as follows. Given n = 1, 2,...,SCC,
1 <p < o, and fe L,[0, o), we would like to find a best || ||,-approxi-
mation to f from V,(S), i.e., we would like to find some y, € V,(S) such that

”f—'yo ”11 = lnf{”f_y H:n -ye Vn(S)} (5)

The related problem of approximation on a finite interval instead of on a
semiinfinite interval stems from the work of Rice [19], and has been studied
in some detail, cf. [4, 5-7, 11, 12, 22]. The above also represents a generali-
zation of the problem of best least squares time domain approximation
(corresponding to the special case where p = 2 and S = L), which stems
from the work of Aigrain and Williams [1] and which is of interest and
importance in the field of circuit analysis, cf. [2, 10, 16], and the references
cited therein.

We shall infer the existence of good approximations to a given f by showing
that V(S) is a dense subset of C,[0, o) (and thus, of L,[0, ©0), 1 < p < c0)
when S is any nonvoid subset of L, , and under suitable smoothness and rate
of decay hypotheses on f bound the rate at which the distance from f to
V.(L,) decays to zero as n becomes infinite. For fixed n we shall establish the
existance of a best approximation to f from V,(S) when S satisfies a mild
closure hypothesis. We shall characterize such a best approximation with
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a first-order necessary condition. Finally, we shall show that, in principle,
a best approximation to f on [0, co) can be obtained from a sequence {y,}
that is so constructed that y, is a best approximation to f on the finite sub-
interval [0, o,], v = 1, 2,... where {o,} is an unbounded sequence of positive
real numbers.

2. EXISTENCE OF GOOD APPROXIMATIONS
Before proving a Weirstrass type density theorem we prepare two lemmas.
LEMMA 1. Letl <p < oo,andform =0,1,2,.. let
en(t) = tmet, t = 0. (6)

Then || ey |, < ml.

Proof. Using the Binet formula for the gamma function [21, p. 249]
it can be shown that

I'(1 4-5) = [2asPR se=stols), 5§ >0,

where ¢(s) is a positive nonincreasing continuous function of s for s > 0.
Thus, for 1 << p < 0 and m = 1, 2,... we have

[l em /!> = [t | * pmvg-vt g
0

= [I'(A + m)]* p7t="*I(1 + mp)
—_ p—l/z . [27.,m]1/2—p/2 . e¥(mp)—polm)
<1

so that the lemma holds for these values of m, p. Separate arguments show
that it also holds whenp = cocorm = 0. |

LeMMA 2. LetA 8eC,let o = —Re A, and assume that « > 0,Re 6 < 0,
and | 8 | << o. Let m be a fixed nonnegative integer, and let
n—1
Valt) = tmert - Y (S¥k!,  n=1,2,.
k=0

(1) = tme - e,

Then {y,} || ||,-converges toy, 1 << p < co.
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Proof. Using Taylor’s formula we have

y(t) — ya(t) = tmed(3e)" f: (1 — &)Y — 1)1 &% do,

and since Re 8§ = —q, this yields the pointwise bound
| )(t) — yu(®)] < tme>t| 8t [*fn! = o™ | §]a |" epsm(at)/nl,

where e,,, is again as in (6). In conjunction with the norm bound of
Lemma 1, this implies that ||y — y,!, = 0 as n— oo, provided that
[8/x| < 1. 1

THEOREM 1. Let S be a nonvoid subset of the open left half plane L, .
Then V(S) is dense in each of the spaces L,[0, o), 1 < p << o0, and Cy[0, o).

Proof. Let A be chosen from S so that « = —Re A is positive, and let
fe L0, ) be given with fe C,[0, ) if p = co. We shall show that we
may || ||,-approximate f as closely as we please with the exponential sums
from V.({A}). We define the transform

F(s) = (as)™Y/? f(—a~1log s), 0<s<1 @)
of fso that Fe L,[0, 1] with
IWElp =171, t)

where ||| ||, denotes the norm in L,[0, 1]. The function F can be ||| {||,~approxi-
mated as closely as we please by some function G € C[0, 1] for which G(0) = 0
(even when p = oo, in which case F itself can be continuously extended to
[0, 1] by setting F(0) = 0.) Using the Miintz-Szdsz theorem [8, p. 197]
we see that such a function G, and therefore, F can be ||| ||| ,-approximated
as closely as we please by using a function of the form

H(s) = (as)7/? Q(s), €)

where Q is a polynomial with Q(0) = 0. In view of the norm preserving
property (8) of the transformation (7) it follows that we may || {|,~approximate
f as closely as we please by using an exponential sum of the form

h(t) = Q(e™) (10)

(which transforms into (9)).
To complete the proof we must show that we may || ||, approximate any
such function (10) as closely as we please with an exponential sum from
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V.({A}), and since V,({A}) is a linear space, it is sufficient to show that this
may be done for every simple exponential

ht) =¢é", t=0, (11)

for which Ay <{ —a. When A, is so close to A that [ Ay, — A| < «, this is
an immediate consequence of Lemma 2. When this is not the case, we
define

8 = (AO - )\)/my

where the positive integer m is chosen so large that | 8 | << «, and set
Ar = [kA + (m — k) A]/m, k=01,.,m

This being the case, |6]| << |Rel;| for k =0, 1,..., m, and by using
Lemma 2 we see that each element of V,({A._{}) can be || ||,-approximated
as closely as we please with elements of V,({A:}), k = 1, 2,..., m. It follows
that the function k€ V,({A,}) can be | [|,-approximated as closely as we
please by using elements of V. ({A,}) = V,({A}) so that the proof is
complete. ||

By suitably modifying the admissible polynomials Q allowed in (9) and (10)
we obtain the following corollary (which for the case p = 2 may be found
in [20)).

COROLLARY. Let 0 < A, < A, < - and assume that Y., 1A, diverges.
Then the set of exponential sums that may be written as finite linear com-
binations of the functions e™', v = 1, 2,..., is dense in each of the spaces
L,[0, ), 1 < p < o0, and Cy[0, o).

Note. When p = 2, a variety of special identities (e.g., Parseval’s identity)
may be exploited in showing that any function of the form (11) lies in the
closure of V,({A}), cf. [9, p. 95-96] or [18, p. 154-155]. Indeed if / is given by
(11) and we use

op(t) = th1leM, k = 1,.,n,

as a basis for V,({A}), then Gram’s lemma [8, p. 194] shows that the
| {l-distance from A to V,({A}) is given by

dz[h, Vn({A})] = [G((Pl seees Py h)/G((Pl 3rees (Pn)]l/z,

where G denotes the Grammian of its arguments. Arguments analogous to
those customarily used in the proof of the Miintz-Szdsz theorem (cf.
[8, p. 195-196]) then can be used to simplify this expression with the final
result being

dolh, Va({AD] = [ 2 Re A [7172 - |(A — Ag)/A -+ Ag)[™. 12)
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In addition to forming a basis for yet another proof of Theorem 1 in the
special case where p = 2, (12) provides a convincing illustration of the bad
conditioning that is inherent in the exponential sum approximation problem
when n is large (e.g., in view of (12) a term e~ in an exponential sum y can
be replaced by a suitable element from V,({—2]) without changing the
Il [=norm of y by more than 3-%/2). |

Application. As an interesting application of Theorem 1 we shall infer
the existence of a solution the following circuit synthesis problem. Suppose
we are given an arbitrary function f(¢), r = 0, (which is taken from L,[0, o)
if 1 <p < o and from Cy[0, o) if p = ), and a very unusual “kit”
consisting of infinitely many identical resistors R, R,...; capacitors C, C,...;
dry cells ¥, V,...; and a single switch. The problem is to use these elementary
components to build a circuit having a voltage transient response (1),
t > 0, which || ||,-approximates f to within some prescribed tolerance ¢ > 0.
To see how our problem might be solved, we first examine the circuit of
Fig. 1, which has the voltage transient response

R,V _ /R, Cy) R,V —(1/RyCy)
Vi) = —"1"0 i/ Ry Cy _ Me¥e /RyCy
O=R+R TR TRFRTRC
RIIVO e—(t/Rl’Cl') L RQ,VO e—(t/Rz'Cz'), (13)

R+ R/ + R Ry + R, + Ry

cf. [15, p. 30-34]. By connecting our cells in series, we can arrange for V,
to be any integral multiple of the basic cell potential and we can arrange for
the R,, R, and C;, C, to take arbitrary positive rational multiples of R
and C, respectively, by using suitable series and parallel connections of the
given resistors and capacitors. Analogous considerations hold when the
circuit of Fig. 1 is extended by the insertion of additional R, ., C, and R/,

)
./
C1 Cé CZ ci
e de
Aidt]
0 , j J_ R
Ry R, =y R R,

(]
;Q Open switch gt 1=0

FiG. 1. A circuit for which the voltage transient response F(¢) is the exponential
sum (13).
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C; loops, and thus, we see that we can use our kit to build a circuit having
any voltage transient response of the form

V(t) = Aje™ 4 -+ + A, e,

where each A; is a rational multiple of ¥ and each «; is a positive rational
multiple of (RC)~L. Since the set of all such exponential sums is dense in
L,[0,00), 1 < p < o0, and in C,[0,00), it is clear that an appropriate circuit
can be constructed from the elements of the given kit. ||

Theorem 1 provides no measure of the rate at which the || ||,-distance
d,lf, Va(S)] from f to V,(S) approaches zero as » becomes infinite. By
imposing suitable smoothness and rate-of-decay conditions on f, we obtain
the following “Jackson™ and ““Bernstein” type estimates.

THEOREM 2. Let m be a positive integer, let fe C™[0, ), and assume
that f is expressible in the form

f() = eele™), 120, (14)

where o > 0 and @ € C™[0, 11. Then there is some constant C (depending
only on f and m) such that

A VL)l < C-nm 1 <p<oo,n=12,.. 15)

Moreover, if the function ¢(s) in (14) can be chosen to be analytic for 0 < s < 1,
then
dp[f; VM(LO)] <4-q 1<pKoo,n=1, 2,y (16)

where A > 0 and 0 << g < 1 are suitable constants (depending only on f
and m).

Proof. Forl < p << oo let

Fy(s)=0, if s=0

a7
= (as)™1/? - 5 - p(s), if 0<s<1,

so that F, is the transform (7) of f. For n = 1, 2,..., let Q, be the unique
polynomial of degree n — 1 or less that best approximates ¢ in the uniform
norm, ||| |l., on [0, 1], and let

gﬂ(t) = e—ath(e—at)’ t =0,

so that g, is an exponential sum from V,(L;) with the corresponding trans-
form (7) given by

G, p(5) = (as)7112 - 5+ Qu(s). (18)
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In view of the norm preserving property (8) of the transformation (7) and
the identities (17) and (18) we see that

If — &nlls = | F» — Gapllls
<M Fy — Gplilo

<al?le — Qulle
< (1 + O‘_l) I” P — Qn “Ioo .

(19)

By using (19) in conjuction with Jackson’s theorem [17, p. 89] and
Bernstein’s theorem [17, p. 183], we obtain the asymptotic estimates (15)
and (16) in the respective cases where ¢ € C™[0, 1] and where ¢ is analytic
on[0,1]. §

Note. In the formulation and proof of the above theorem the spectral
set L, could be replaced by the set of negative real numbers. More generally,
L, could be replaced by the left ray R, = {fa: 8§ > 0} with « € L, being used
in the hypothesis (14). }

Note. The hypothesis: f is expressible in the form (14), or equivalently,
that for a suitable choice of « > 0 the function

@(s) = f(—atlogs)ls, 0<s<1, (20)

can be extended to a function ¢ € C™[0, 1], may be replaced by the somewhat
simpler hypothesis: fand its first m derivatives decay so rapidly that for some
B>0

f®(@) =o(e®), k=01..,m @1

as t — oo. From (21) it follows that the function ¢ of (20) lies in C™[0, 1]
with ¢(0) = ¢'(0) = - = ¢(0) = 0. |

3. EXiISTENCE OF BEST APPROXIMATIONS

We will find it convenient to relate the exponential sum approximation
problem in L,[0, o) to that in L,[0, o] when o > 0 is large (but finite).
In so doing we make use of the seminorm || ||, , , which we define on L,[0, o)
in such a manner that

1 o = 1LfXo 1l 22
where
.t)=1 if 0<t<o
= 0, if t> o,
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is the characteristic function of [0, o]. In proving our basic existence theorem
we shall need the following result (cf. [4, p. 164]), which is given in [11,
Theorem 1 and Lemma 2].

LeMMA 3. Let 1 <p <X o0, let 0 <o << o0, and let {y,} be any || |i,..-
bounded sequence of exponential sums from V,(C). Then there is a compact
set KC C and a decomposition

¥y, =0, +x,, v =1,2,.., (23)

of a suitable subsequence of { y,} (which we continue to denote by { y,}) such that:
(i) v,eVi(K)forv =1,2,.,
@) {v} ] |l,..~converges to some exponential sum v eV, (K),
(iii) only finitely many nonzero terms of the sequence {x,} lie in any set
V2n(S) when S C C is compact, and

(V) {x,} is ultimately || ||,..~orthogonal to every € L,[0, ) in the sense
that the inequality

lim inf £ — %, ly.o = 1/ 1.0 (24)
holds for all such f. 1

Note. In the case where p < oo, it can be shown that Lemma 3 remains
valid when o = oo provided we replace the universal spectral set C with the
universal spectral set L, (with the proof being based upon the above version
of Lemma 3, the corollary to Theorem 3, and Lemma 5.) When p = oo,
Lemma 3 has no such extension, e.g., the || | ,-bounded sequence

y,(t) = et cos(tfv), v=12,..

from C,[0, c0) has a decomposition (23) satisfying conditions (i), (ii), (iii)
(with C replaced by L,) only when v, = 0 and x, = y, for all but finitely
many values of v, in which case (24) (with o = o0) fails to hold for the
function f = 2y, , where y, is the characteristic function of [0, 1]. |

THEOREM 3. Let SCC, let 1 < p < o, let n be a positive integer, and
let L denote the open left half plane Ly if p < oo and the closed left half plane
Ly if p = . Then every fe L,[0, ) has a best || ||,-approximation from
V(S) if and only if S N L is closed in L.

Proof. Let fe L,[0, o) be chosen and let the minimizing sequence
{»,} be selected from V,(S) in such a manner that

lim||f— p,ll, = inf{lf =y, : y € Va(S)}. (25)



APPROXIMATION WITH SUMS 393

Such a sequence { y,} is || ||, bounded, and therefore, | ||,,, bounded whenever
0 < ¢ < oo. This being the case we may effect the decomposition (23) of
Lemma 3 and after passing to a subsequence, if necessary, assume that
{v,} || llp..-converges to some ve V,(K), where K is a compact subset
of S. Together with (24) and (25) this shows that

f—evl,, <lminf|lf—v — X, {0
= liminf{|f—v, — x,|l5.¢
<lm{f—pl,
= if{{[f —yll,: y € Vu(S)}

holds for a fixed positive o, and since the resulting limit v is independent of o
we have
1f—ol, <inf{| f— l,:ye VS (26)

From (26) we see that v is || ||,-bounded so that » € V,,(L). This being the case,
if $ N L is closed in L we have

ve Vu(S) N V(L) = V(SN L) = V(SN L)CV(S),

which together with (26) shows that v is a best || ||,-approximation to f
from V,(S).

Conversely, suppose that S N L is not closed in L so that there is some
sequence {)A,} from S N L that converges to a point A e (5\S) N L. We shall
set

y(t) = e, t >0, v=1,2,.. 27

and show that {y,} is a | ||,-minimizing sequence for some function in
L0, c0) that has no best || ||,-approximation in V,(S). In the case where
Re A < 0, we need only set

Yol(t) =¢e, =0 (28)

and note that lim| y, — »,[l, = 0, while || y, — ¥, > 0 holds for each
ye V,(S), ie., there is no best || ||,-approximation for y, in V,(S). In the
remaining case, where Re A = 0 and p = o0, we set

f() = {1 — sgn[sin(x/1)]}, t>0. (29)

By construction, fe L,[0, «0) and ||/ — y |, = 1 holds for every function
y € C[0, o0) with equality only if

y(m) = erm, m=1,2,.. 30)
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In particular, (30) holds for an exponential sum y only if y is the function
Yo Of (28) (since two entire functions that agree on a bounded infinite point
set must be identical) so that || f — y|l, > 1 whenever y € V,(S). Finally,
using (27) and (29) we see that

L@ — () = | ()] < 1, when > 1

and
) — 2@l < 1f() — | + | e — M|
<1l+03x—A), when 0 <t <1,

so that {y,} is a minimizing sequence from V,(S) with lim || f — 3, l. = 1,
i.e., there is no best || jj,-approximation for fin V,(S). §

CoOROLLARY. Let p, n, L be as in the theorem, and let K, S be disjoint
subsets of L with K being compact and S being closed. Then there is a constant
8 > 0 such that the inequality

o —xll, = 8llvl, 3D

holds whenever ve V (K) and x € V,(S).

Proof. For each nonzero ve V,(K) we determine the largest constant
8(v) for which (31) holds when x is a best || | ,-approximation to v from
V.(S). By taking the minimum of all such constants, 8(v), as v ranges over
the compact set of || || ,-normalized exponential sums from V,(K) we obtain
the desired constant & of the corollary. |J

4. A FIRST-ORDER NECESSARY CONDITION FOR A BEST APPROXIMATION

When y = Y,(b, ¢, —)is a best || |,-approximation to a given fe L,[0, «0)
from V,(S), the inequality

ILf — Yab, ¢, Dl <If— Yald', €, iy (32)

must hold whenever A,[c']CS. Following the same basic development
given in [12] (for the simpler case where the interval of approximation is
compact) we combine (32) with an analysis of the first-order effect of the
perturbation b’ — b, ¢’ — ¢, and thereby, obtain a necessary condition that
serves to characterize a best (or local best) approximation. In so doing we
shall first prepare four lemmas.
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LemMma 4. Let 8 > 0 and let L; be the half plane {ze C: Rez < —38}.
For each n = 0, 1,... there is a constant M ,(8) such that the pointwise bound

[ YO < 1yl - Mu(0) -2, 20 (33)

holds for every y € V,(Ls).

Proof. From [13, Theorem 1] we see that there is some constant 7,; > 0
such that

17*lle = max{| p*(s)| : 0 < s < 7ps}  When y* € Vi(Lyp).

In particular, if we choose ye V,(L;) and take y*(¢) = y(¢) €/%, this
identity gives

| p(2) 2] < max{] y(s)| €720 < s < 7y} < ||yl - €02, 120,

so that (33) holds with M, (8) = e®™s/2, |

When V,(C) is equipped with the | |,,, norm, the mapping b, ¢ —
Y.(b,c, —) is clearly Frechet differentiable, 1 <<p < o0, 0 < 0o < .
Among other things, the next lemma shows that the mapping remains Frechet
differentiable even when we set ¢ = oo, provided that the parameters b, ¢
remain in some suitably restricted neighborhood of a point b, , ¢, , for which
A,le;) € L, . (The necessity for this restriction is simply illustrated by means
of the exponential sum

Yl(a3 o, t) = ae—at’

which for & << 0, « = 0, and « > 0 has the || [;-norm oo, 0, and 1, respec-
tively.)

LemMA 5. Let K be a compact subset of Ly. Then || |50, 1 <p < 0,
1 < o << o0, are uniformly equivalent norms on V,(K).
Proof. We establish the lemma by inferring the existence of positive
constants m, M (depending only on n, K) such that the inequalities
ml|vle <l < Moo (34)

hold whenever 1 < p < o0, ¢ 2> 1, and v € V,,(K). We first choose 6 € (0, 2]
so small that the translated set K + 8 lies in L, so that the pointwise bound
(33) holds for all v € V,(K). It follows that

0llp.e < 2Mn(8)/8) * [ 0]lw»
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whenever 1 << p < o0, ¢ > 1, and v e V,(K), so that the right inequality
of (34) holds with M = 2M ,(8)/5. Again using (33) we see that

[olle =12 llo,x

whenever 7 = 2 log{M,(6)]/6, so that || |l,, and || ||, are equivalent on
Vo(K). From [11, Lemma 1] we also see that || ||, and || |}, , are equivalent
on V,(K). It follows that there is some m > 0 such that the left inequality
of (34) holds for all v € V,(K) in the extreme case where 0 = 1 and p = 1,
and therefore, in the general case where | << p < o and o > 1 as well. ||

In the process of characterizing a best || || ,-approximation, we shall make
use of the fact that the norm functional in L,[0, o) has a Gateaux variation
when 1 < p <C oo and a one sided Gateaux variation whenp = 1l orp = oo,
with the explicit representation given in the following lemma.

LemMMmA 6. Letl < p < oo andlet €, he L,[0, o). Then
e + ah lp =1lelpt+a- (1511[6, h] -+ o(a) (35)

as o decreases to zero through positive values where

qs,,[e,h]=f°° Tle, by 1]dt, if p—1

0
= Il [P Tle b ddt, f 1<p<® ()
= ;ij& esssup{Tle, i; t]: t =0 and |e(®) =€l — 6}
if p= oo,
when || €|, > 0, and D,le, k] = || h|, when || €|, = 0, and where
Tle, s 1] = [h()l,  if () =0
= Re[h(t) «(0)/| «(1)l], if e(t) #0

(with the bar denoting the complex conjugate).

(37

Proof. Replace the finite interval [0, 1] by the semiinfinite interval [0, c0)
in the proof of [12, Lemma 3]. ||

Given b, ¢, b*, ¢* from C" we define
”

hn(b’ ¢, b*, ¢*, t) = Z

i=1

b2 f e 2 lymer 10 (38)
3bi 8ci

and
H,(b, ¢) = {h,(b, c, b*, c*, —): b* c*e C"}. 39)
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Clearly, H,(b, c) is a linear space that contains the n-dimensional space

L,(¢) = {h,(b, ¢, b*, 0, —): b*e C"} (40)
of solutions of (1). We define
Kb, ¢, c*) = {h,(b, ¢, b*, ac*, —):b*ec C", a = 0} 4D

and refer to this set as the perturbation cone of y (with respect to the para-
metrization b, ¢) in the direction of ¢*. We say that y is accessible through this
cone with respect to V,(S) provided there is a differentiable arc z:[0, 1] — C™
such that

2(o) = ¢ + ac* + o(x), as a—> 04 42)

and such that
A,[z(0)] C S, for 0 <o <. (43)

(An extended discussion of these concepts is given in [12, p. 177-180].)
Suppose now that the exponential sum Y,(b, ¢, —) can be decomposed
in the form

Yn(bs ¢, —) = Ynl(bl > €1 _) -+ Ynz(b2 > €5 _)5 (44)

where n, , n, are positive integers with sum », and where ¢, , ¢, are related
to ¢ through the factorization

Pn[c5 _] = P’nl[cl > _] : Pnz[cz » '—]

of the corresponding characteristic polynomial. When Y,(b, ¢, —) is accessible
through the cone K,(b, ¢, ¢*) with respect to V,(S) and the spectral sets
/lni[ci], i = 1, 2, are disjoint, then the components Y, ¢, —)i=12
are accessible through the corresponding cones Kni(bi ,€,¢%), i=1,2,
where

Pule + ac*, —] = P, le; + acy®, —] - Pyle; + aty*, —] + o(w), (45)
as we see by using considerations of continuity together with the following

lemma.

LemMA 7. Let the arc z: [0, 1] — C™ be differentiable, let n, , n, be positive
integers withn, + n, =n, letthe arcs z, : [0, 1] — C™, i = 1, 2, be continuous,
and assume that

P"[Z(OL), —] = P'nl[zl(o‘)s _] ° P’nz[z2(a)a _]a 0 < [0 < 13 (46)

and
Ay [z ()] N Ay [z()] = &, 0 < o<1, 47

<
Then the induced arcs z,(x), 2,(x) are differentiable for 0 < o < 1.
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Proof. We first show that the arcs z,(«), z,(«) are differentiable at « = 0.
By hypothesis, z(«) is differentiable at « = 0, so that (42) holds with ¢ = z(0),
¢* = 2/(0). Since z,(c) is continuous we can also write

z(0) = ¢; + Bi(), (48)

where ¢; = z;(0), and where 8,:[0,1] - C™ is a continuous arc with
8,0 =0, i = 1,2. We must show that each of the ratios @,(«)/x has a
finite limit as o — 04,

For convenience in notation we define

Qule, Al = P,le, A] — A" = ¢ A" 1 - A2 4 - ¢y,

so that Q,, is a polynomial of degree n — 1 or less in A that depends linearly
on the coefficients ¢. When A is a root of P, e, —1] (and thus, by (46)
a root of P,[c, —] but by (47) not a root of P, [c,, —]) we see that

0‘Q'n[‘:*9 A] = P,[c, A] + aQy[c*, A]
= P,[z(e), A] + o()
= Pnl[zl(a)a A] Png[zz(o‘)’ )‘] + O(OL)
= {Pp,[e1, A + QO [B:1(e), AT{Py,lCs s Al + Qi [B(c); A} + 0(e)
= Qn,[RBs(e), Al - {Py,les, Al + o(1)} + o(w),

and thus, that

Onlc*, Al = Qu,[Ri(e)/or, AT - {Puje, , A] + o(1)} + (1),

as o« 0+. By using essentially the same argument together with the
Leibnitz rule for differentiating a product, we see that if P,,l[c1 , —] has
distinct roots A, ,..., A, with multiplicities m; ,..., m, , respectively, then, as
a — 04, we have

01e, M = Y. () Q8lieu(edf, AP ex , Ad + o1} + o),
i=0

for 0 <m<m; and 1 <i </l Since P,,ﬁ[c2 ,A] %0, it follows that

Qi{l’[ﬁl(a)/oc, A;] has a finite limit as « — 04 for 0 <{j < myand 1 < i <,

and since the expression

max{| QYA : 0 <j<m;, 1 <i<<h

defines a norm on the space of all polynomials Q of degree n, or less, it
follows that B,(«)/« has a finite limit as o — 0. Thus, z,(«) and analogousty,
Z,(«) is differentiable at « = 0.
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The same argument can be used at an arbitrary point « € [0, 1] so that the
proof is complete. ||

THEOREM 4. Let fe L0, o), and let the exponential sum y, = Y (b, ¢, —)
be accessible through the perturbation cone K, (b, ¢, c*) with respect to V,(S).
Then a necessary condition for y, to be a best (or local best) || ||,~approxi-
mation to f from V,(S) is that y, be a best || |,-approximation to f from
K, (b, ¢, c*) so that

P,lf — vy, —H1 =0 (49)
whenever h € K (b, ¢, c*).

Proof. We shall assume that y, = Y,(b, ¢, —) is a best (or local best)
Il l,-approximation to f from V,(S) and that the differentiable arc
z: [0, 1] — C* satisfies (42) and (43). Let & € K,(b, ¢, ¢*) be selected. Since
Yo = hu(b, ¢, b, 0, —), it follows that & — y, € K(b, ¢, ¢*) so that for some
choice of b* € C* and «, > 0 we have

h = hu(b, ¢, b*, apc*, —) 4 ¥, . (50)

By rescaling ¢*, if necessary, we arrange things so that o, = 1. We must
show that | f— hll, Z I/ — ¥oll,, and in so doing we will assume that
he L0, o).

When A4,[c] C L, (so that H,(b, ¢) is contained in L,[0, o)) we obtain
the estimate

” Yn(b + Oéb*, Z(OL), _) - Y’n(b5 C, —) - ahn(ba C, b*9 C*s —)”p = O(Ot) (51)

by using Lemma 5 together with the “compact” version of (51), which
results when the norm || ||, is replaced by the seminorm || ||, , . On the other
hand, when /4,[c] € L, we decompose y, in the form

Yo = Ynl(bl 5 €1 ”) + Yng(bZ » Ca s _)

of (44), where A,,l[cl] C L, but An2[02] C C\L, . We simultaneously decompose
h in the form & = Ay + h,, where

hi = hni(bi 5 € bi*7 C,'*, _—) € V2n,(/1n;[cz])s i = la 2,
and where ¢;, ¢, *, ¢, ¢,*, ¢, c* are related by (45). A factorization of the
form (46)-(47) then can be effected with A, [2()] C S holding for all
sufficiently small « > 0, and with
z() = ¢; + ac;* + o(w)

640/16/4-8
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for i = 1, 2. By again using Lemma 5 we find that as « — 0--

|| Ynl(bl + abl*’ zl(“)’ _) - Ynl(bl 5 €1y “)
- O‘hnl(bl » €15 b1*9 cl*, —)”p = O(O’.),
since AnI[CI] C L, . By assumption # € L,[0, ) and since #, € Vz,,l(/ln1 [e,D C
L,[0, o) we see that b, = h — h, is also in L,[0, o0). Since A, € Vz,,z(C\Lo)
the requirement that A, € L, [0, co) forces A, to vanish identically except in
the case where p = co when A, may be a linear combination of simple
exponentials having exponential parameters on the imaginary axis. In any
event it follows that ¢,* =0 so that A, = by by, €3, By*, 0, —) =

Y,,s(bz*, ¢, , —) and with no loss of generality we may assume at this point
that z,(«) = ¢, . This being the case

l Ynl(bl + aby*, z(), —) + Ynz(bz + aby*, ¢y, —)
— Yub, ¢, —) — ahy(b, ¢, b*, c*, =),
== | Y,,l(b + ab*, (), —) — Ynl(b1 €1y =)
— ahy (b, ¢, by* %, -, = o(x). (52)
Using the fact that y, = Y,(b, ¢, —) is a best (or local best) || ||,-approxi-
mation to f from V,(S) together with either (52) or the corresponding (51)

(which we rewrite in the form (52) by setting n, = n and n, = 0) and with
(50) we have

Nf— yolls < Sf— [Ynl(bl + ab*, zy(a), —) + Ynz(bz + aby*, e*, =),
= [/ — yo — ohu(b, ¢, b*, c*, —)ll, + o)
=If = ¥o — Al — yll, + o(x)
= [I(1 — )(f — yo) + of — A, + o)
<= yolly + olllf = Ally — IILf — yolls] + ola),

for all sufficiently small « > 0. Hence, [[f— yoll, < [[f— k1, so that y,
is a best || ||,-approximation to f from the cone K,(b, c, c*).

Finally, using Lemma 6 together with the fact that y, is a best || ||,-approxi-
mation to f from K,(b, ¢, ¢*) we find

1f = Yolls SUf—yo — ahtlly = Lf — yolls + a@plf — o, —h] + 0(a0),

as « decreases to zero through positive values so that (49) holds. |

When A,[e] lies in the interior of S, y, is accessible through every cone
K,(b, ¢, c*) so that (49) holds for all 4 in H,(b, ¢). When some point of 4,[c]
lies on the boundary of S this need no longer be the case, but in any event
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(49) must hold for every 4 in the degenerate cone K,(b, ¢, 0) = L,(c) of
solutions of (1). In both of these two limiting cases (49) holds for all 4 in
some linear space so that in (49) & may be replaced by 04 when 8 is any
complex scalar with unit magnitude. Using this together with (36)-(37) and
(49) we obtain the following corollary.

COROLLARY 1. Let the exponential sum y, = Y,(b,¢c, —) be a best
(or local best) || ||,-approximation to f from V,(S), let ¢ =f— y,, and
assume that || €|, > 0. Then for each h in the n-dimensional linear space
L.(c) we have

f h(t) sgn @) dt < j k) dt,  if p=1 (532)
e*0 €=0

f W) | )P Lsgne)dt =0, if 1<p< oo (53b)
€#0

lim ess sup{Re[A(t) sgn e()]: £ >0 and | ()] > el — 8} >0
if p= . (53)

(Here sgn(z) is defined to be O or z/| z | according as z = 0 or z % 0,
respectively.) If in addition each element of A,[c] is an interior point of S,
then (53) holds for each 4 in the linear space H,(b,c). |

Following arguments analogous to those given in [4, p. 179] and [12,
p. 183] we may show that under mild hypotheses a best approximation y,
has full order.

CoROLLARY 2. Let 1 < p < oo, let y, be a best (or local best) || ||,
approximation to f from V,(S) with|| f — yy ||, > 0, and assume that S possesses
some finite accumulation point in L, , i.e., that S contains a sequence of distinct
points Ay , Ay ,... with limit Xin Ly . In the case where p = 1, assume in addition
that f(t) 5= y(t) holds for almost all t. Then y, has full order n, i.e.,

Yo € Val(S)\Vua(S).

Proof. Suppose that the zero function is a local best || ||,-approximation
to ffrom V,(S). Then from Corollary 1 we see that

) “ O F@ () dt = 0 (54)

holds whenever y € V;(S), and thus, whenever y is any finite linear com-
bination of the exponentials exp(A;#). Using this together with Lemma 5
and the fact that Ae L,, we see that (54) also holds whenever y € V({\}).
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Since V,({A}) is dense in L,[0, o), it then follows that || f]|,, = O so that the
corollary holds when » = 1. Finally, since the zero function is a local best
| |l,-approximation to f — y, from V,(S) only if || f — y,ll, = O it follows
that y, cannot be a best (or local best) || ||,-approximation to f from V,(S)
when y, € V,,_(S) unless [ f — y, [, = 0. |

Note. In carrying out this argument it is essential that the finite accu-
mulation point lie within the interior of the left half plane. For example,
Yo =0 is the best | [,-approximation to f=1 from V(S) when
S={zeC:Rez=0and Imz #= 0}. |

By specializing the above corollaries to the case of unconstrained least
squares approximation (where p = 2 and S = L,) we obtain the following
generalization of the Aigrain—Williams condition of [1, p. 598].

COROLLARY 3. Let fe L,[0, o0), let the exponential y, = Y,(b, ¢c) be
a best or local best least squares approximation to f on [0, ©) from V,(L,), and
assume that | f — Yo lls > 0. Then y, has full order, i.e., yo € Vo (L\V n_1(Ly),
and

YOO = FSPR),  i=1,2..,2k;, j=1,2.,0, (59
where
Yy(s) = f: etyt) dt,  Fls) = jow ef(1) di, Res <0,
are the Laplace transforms of y,, [, respectively, where the parameters I,
k;, A; are taken from the canonical factorization
P, ) = (A — )P (A — A" - (A — ), (56)

of the characteristic polynomial for the nth order differential operator that
annihilates y, (and where the bar denotes the complex conjugate.)

Proof. By using Corollary 2 and the factorization (56) we see that y,
has full order and that H,(b, ¢) is spanned by the 27 functions

ht) = t77%Y, i=1,2,.,2%;, j=12,.]1 57
(cf. {12, Lemma 11.) Since S = L, , (53b) holds for each A;, of (57) and
FOO(,) — YR = (@ldsy [ 1) — yo0) e
0 =

= [ 1) — w17 dr
0
-0, i=1,2..,2;, j=12..1 1

4
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ExaMpLE. We shall find a (actually the) best || [|;-approximation to the
unit step
f(r) =1, if 0<r<1
=0, if ¢>1,
from Vi(L,). We let y(t) = Ae* denote such a best approximation and
compute the Laplace transforms

F(s) = fo “ftyetdt = [er — s,  Y(s) = fo ") et dt = —Af(s + N).

The Aigrain—Williams equations (55) require that
[ — 1A = —4/Q 4+ D, [A—De + 1/ = 4/QA + A,
or equivalently, that
A=—A+A, e?=1—-%—-QR2 (58)

From Theorem 3 we know that a best || |,-approximation exists and from
Corollary 3 above we know that any such best || |;-approximation must
satisfy (55). Thus, we know that there exists some A € L, and 4 € C that satisfy
(58). In this case there is only one such real valued solution

A = —1.25643120..., A = 1.43066372... 59

that can be shown to give the unique best || |,-approximation to f from
o). 1

For some applications in the physical and biological sciences, one is
interested in obtaining a best uniform approximation to a given continuous
real valued function f by means of a real valued exponential sum y having
real exponents. Such an exponential sum may be parametrized in the form

1ok
y@) = Y Y, aisttexp(\e), (60)
i=1 y=1

where
ki ko4 F ki =k <n,
Ay <Ay < < A, (61)
a; <R, with azx, # 0.
(When we work on [0, oo) we also require A, << 0 with k, = 1 whenever

A, = 0 so that ||y, < o0.) Within this context we may formulate an
alternation type characterization of such a best approximation. In so doing,

640/16/4-9
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we say that the bounded real valued function ¢ € C[0, o) essentially alternates
at least m times on [0, cc) provided that for each 8 > 0 there exist points
0<ty <ty < <t,and somes = +1 such that

s (—ielt)=lelle —8, i=0,1,.,m,

(cf. [14] for an extended discussion).

COROLLARY 4. Let the real valued exponential sum y, with the para-
metrization of (60)—(61) be a best || ||,-approximation from V,(S) to the given
bounded real valued function f C[0, o), and let € = f— y, .

(@) If the exponents A, < A, < - < A;, of (60) and (61) are in the
interior of S with respect the topology of L, then either lim sup | f(¢)] =
llello as t— +oo, or else e essentially alternates at least n +k; +
ki + -+ + k;  times on [0, +c0).

) I the exponents A, < Ay < - of (60)-(61) are in the
interior of S with respect to the topology of (—oo 0), then either lim sup | f(¢)| =

| €llo as t > o0, or else e essentially alternates at least n 4 p times on
[0, c0).

Proof. By using [14, Theorem 2] we may extend the proof of [12,
Corollary 3 to Theorem 2] to apply in the above context where the interval
of approximation is [0, o0) rather than [0, 1]. ||

In the special case where the exponential parameters A; are real valued but
otherwise unconstrained, the above corollary requires the error curve
corresponding to a best uniform approximation to a continuous function f
to essentially alternate at least n -+ / times if A; < 0, and at least n 4/ — 1
times if A; = 0. Thus, the Braess necessary condition of [5, Satz 1] must be
weakened when the interval of approximation is extended from [0, 1] to
{0, c0) due to the weakened form of (b) that results when A, = 0.

ExaMPLE. Let n > 1 be selected and let the continuous real valued
function f be defined on [0, o) in such a manner that f varies linearly between
the n + 1 points (¢, f(¢)) = (j, 1 + (—1)*), j =0, 1,..., n, with f(t) =2
for ¢t > n. We shall show that y,(¢) = 1 with || f — v, ]l = 1 is the unique
best || ||.-approximation to f from the set of real valued functions in V,(R).
Indeed, if ye V,(R) and ||f — ylle << 1, then y may be parametrized in
the form (60)—~(61) with A, = 0 and k; = 1. But for any such fixed choice of
the parameters A, , k; the function y, is the unique best uniform approximation
to f on [0, »] (and thus, on [0, +c0)) from the k-dimensional linear space
spanned by the Haar system ¢,(2) = t/Lexp(Ag), | <j <k;,1 <i<],
since f — y, alternates n > k times on [0, n]. In this case we have the mini-
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mum number n +/ — 1 = n alternations of the optimum error curve
with n — 1 alternations being lost because y, is in the set V;(R) and with
one additional alternation being lost because the exponential parameter
A, = 0 does not lie in the interior of (—0, 0). |

Note. Using Lemmas 4-6, one can extend the sufficiency condition of
[12, Theorem 3] to the present context, where the interval of approximation
is [0, o).

5. APPROXIMATION ON COMPACT SUBINTERVALS OF [0, c0)

For computational purposes it is desirable to work on a compact interval
of approximation rather than on the whole semiinfinite interval {0, o).
In principle, it is always possible to obtain a best || ||,-approximation on
[0, o) from a sequence of best || ||,-approximations on compact subintervals
of [0, o) as we see from the following result.

THEOREM 5. Let 1 < p << oo, let fe L0, ), and let the positive
integer n be given. Let SC C be closed, let {0,} be an unbounded strictly
increasing sequence of positive real numbers, and for each v = 1, 2,... let y, be
a best || |, -approximation to f from V.(S) (where || |,., again denotes the
seminorm (22)). Then there is some subsequence of { y,} that may be decomposed
in the form (23) satisfying conditions (i)-(iv) of Lemma 3 for positive o, with
the limit function v being a best || || ,-approximation to f from V,(S). Moreover,
if S is a compact subset of Lq , or if v € V (L\V,_(L,), then some subsequence
of { v,} || ||l,-converges to this best || || ,-approximation, v.

Proof. Since {o,} is unbounded and since y, is a best || ll.0,-approxi-
mation to f from V,(S), we see that for positive o, we have

lim sup || p, |5, < lim sup ||y, |i.0,
< lim sup{ll f 5.0, + I1Lf = ¥olloo <20 S1l5,

so that { y,} is || ||,..,~bounded. After passing to a subsequence, if necessary,
we may effect the decomposition (23) satisfying conditions (i)-(iv) of Lemma 3
with {v,} || {,.,~converging to some fixed v € V,(S) for each choice of ¢ > 0.
If we let y, be some best || [|,-approximation to f from V,(S) and use (24)
we find

Hf—vlp, <liminf | f — v — x,|l,, = liminf || f— »,1,.,
< lim inf || £ — », {lpo, < liminf | f— yell,,,
=If =yl
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holds for positive ¢, and it follows that v is a best || ||,-approximation to f
from V,(S).

In the special case where S is a compact subset of L, , the condition (iii) of
Lemma 3 requires that x, = 0, and thus, that y, = v, for all but finitely many
values of ». This being the case, some subsequence of { y,} || ||,,.~converges
to v, and in view of Lemma 5, the convergence must also take place with
respect to the norm || ||, . Finally, if v e V,(L)\V,_1(Ly), then the || ||, .-
convergence of {v,} to v requires that all but a finite number of the v, must
lie in ¥V (K) when K is any compact subset of L, for which v € V,(K°®) (where
K° denotes the interior of K with respect to C), cf. [12, Theorem 1]. This
being the case, we may replace the closed set S by the compact set S N K
and again conclude that some subsequence of { y,}| |l,-converges to ». |}

COROLLARY. Let 1 <p < oo, let S = Ly, and let {y,} be selected as
in the theorem. Then some subsequence of {,}|| | ,-converges to a best || ||,-
approximation to f from V,(C).

Proof. If fe V,(Ly), then y, = f for each v. If f'¢ V,(L,), then the best
|l ll;-approximation v, of the theorem must have full order (as we see from
Corollary 2 to Theorem 4) and thus, lie in V, (L)\V,_y(Ly). |}

Note. When p = 1 or p = o0, the sequence { y,} of Theorem 5 need not
possess any || || ,-convergent subsequence. For example, the unique best
|l llo,, approximation to the function

f@) = te?, t=0
from V,(R) has the form
() = ae”, a, >0, A >0 (62)

(as we see by using the alternation characterization of [12, Corollary 3 to
Theorem 2]). In this case, we must clearly have lim a, = (2¢)* and lim A, =0
so that for each ¢ > 0, {3,} || |i»,o-converges to the unique best || |..-approxi-
mation

(@) = Qe

for f from V,(R), but since || y, |l = co for each v, there is no subsequence
of {y,} that || |l,-converges to y.

As a second example, by using arguments analogous to those presented
in the analysis of [12, Example 1] we see that the unique best || |;-approxi-
mation to the function

=1 ifm—-2"<t<m m=12,..
=0, otherwise
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from V,(L,) is the function y = 0. Again we find that the best || ||, ,-approxi-
mation to f takes the form (62), where now, limg, = 0 and lim A, = +

SO

that {y,}| [l..-converges to y for each ¢ > 0, but no subsequence of

{7} has the || [[;-limit, y. 1
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